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Abstract
We consider the problem of which finite orientation-preserving group actions on closed surfaces
extend to compact 3-manifolds. A solution is known for cyclic, dihedral and Abelian groups. In the
present paper, we consider actions of the linear fractional groups PSL(2,pn). Our main results imply
that, for primes p ≡ 1 mod 4, all actions of the groups PSL(2,pn) bound compact 3-manifolds.
In particular, we show that all isometric Hurwitz and genus actions of these groups on hyperbolic
surfaces bound geometrically, i.e., extend isometrically to compact hyperbolic 3-manifolds with
totally geodesic boundary. On the other hand, for all primes p ≡ 3 mod 4 there exist nonbounding
actions of PSL(2,pn).
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1. Introduction
We consider orientation-preserving actions of finite groups G on closed oriented
surfaces (not necessarily connected). We say that a finite group G of orientation-preserving
diffeomorphisms of such a surface F bounds if there is a compact oriented 3-manifold
M whose boundary is the oriented surface F , such that the G-action on F extends to
an orientation-preserving G-action on M . It is shown in [8] that every action of a finite
dihedral group extends to a 3-dimensional handlebody, and it is also characterized which
Abelian group actions on surfaces bound (moreover it is shown that, if an Abelian group
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action bounds, then it extends again to a 3-dimensional handlebody). Since the order of a
finite group of orientation-preserving diffeomorphisms of a closed surface of genus g > 1
is bounded above by 84(g−1) and that of a 3-dimensional handlebody by 12(g−1) ([11],
[7, Theorem 7.2]), large group actions on surfaces do not extend to handlebodies, but may
still extend to other types of compact 3-manifolds.
In the present paper, we consider actions of the linear fractional groups PSL(2,pn). Our
first main result is the following
Theorem 1. Let pn be a prime power such that either p ≡ 1 mod 4, or n is even or p = 2.
Then every action of a linear fractional group PSL(2,pn) on a closed orientable surface
bounds. For all other values of pn, each group PSL(2,pn) admits nonbounding actions on
closed connected surfaces.
Our second main result is a geometric version of Theorem 1. In order to state it we need
some definitions and notation.
For every action of a finite group G on a surface F of genus g > 1, the surface admits
a hyperbolic metric such that the group acts by isometries; such a hyperbolic structure
is obtained by uniformizing the quotient orbifold F/G by a Fuchsian group (a discrete
group of isometries of the hyperbolic plane), and then lifting the hyperbolic structure from
F/G to F . We say that a finite group G of isometries of a hyperbolic surface F bounds
geometrically if there exists a compact hyperbolic 3-manifold M with totally geodesic
boundary, having as its only boundary component the hyperbolic surface F , such that the
G-action on F extends to an isometric G-action on M .
An action of a finite group G on a surface F is indecomposable if there is no system
of disjoint nontrivial simple closed curves on F invariant under the G-action; this is
equivalent to the fact that each component of the quotient F/G is the 2-sphere with at
most three branch points. If the quotient is the 2-sphere with exactly three branch points of
orders r , s and t , we say that the G-action is of type (r, s, t). An action of type (r, s, t) is
determined by an admissible homomorphism (i.e., with torsionfree kernel) φ : (r, s, t) → G
of the triangle group (r, s, t) to G (see Section 2).
Under the genus of a finite group G we understand the least genus of a closed
connected orientable surface F such that G acts effectively on F by orientation-preserving
diffeomorphisms. The genus of the linear fractional groups PSL(2,pn) is computed in [3,
4]; in particular, all genus actions of the groups PSL(2,pn) are of some triangular type
(r, s, t). Among the genus actions there are the Hurwitz actions of maximal possible order
84(g − 1) which are exactly the actions of type (2,3,7). The Hurwitz actions of the linear
fractional groups are classified in [6].
Theorem 2. Let pn be a prime power such that p > 3 and either p ≡ 1 mod 4 or n is
even. Then each indecomposable isometric action of PSL(2,pn) on a hyperbolic surface
bounds geometrically. In particular, all Hurwitz and genus actions of such groups bound
geometrically.
Theorem 2 does not remain true for decomposable actions. In fact, the Teichmüller or
modular space of the quotient orbifold of a decomposable action has positive dimension
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and hence is uncountable. On the other hand, there are only countably many compact
hyperbolic 3-orbifolds with totally geodesic boundary; this implies easily that most
decomposable actions do not bound geometrically.
We conjecture that all Hurwitz actions of the linear fractional groups PSL(2,pn) bound
geometrically, with the only exceptions of the groups PSL(2,7) (acting on Klein’s quartic
of genus 3) and PSL(2,27) which do not bound [8]. The conjecture has been verified for
all primes less than 1000 (see [5]). In particular, forgetting about the group actions, The-
orem 2 implies that all the underlying hyperbolic surfaces bound hyperbolic 3-manifolds.
We remark that it is not known whether Klein’s quartic bounds geometrically. In fact,
not a single example of a hyperbolic surface seems to be known which is uniformized
by a Fuchsian group with algebraic traces and does not bound geometrically (if the
uniformizing group has an element with transcendental trace then the surface is not a
totally geodesic boundary: this can be seen by doubling and applying Mostow rigidity
to the closed hyperbolic 3-manifold which forces algebraic traces).
We do not have complete results for prime numbers p ≡ 3 mod 4. As the most
significant example we consider the Hurwitz action of PSL(2,7) on Klein’s quartic of
genus three.
Two actions of a finite group G on oriented surfaces F and F ′ are bordant if the G-
action on F ∪ −F ′ bounds (where −F ′ denotes F ′ with the opposite orientation). This
is an equivalence relation for G-actions on surfaces; the set of equivalence classes of G-
actions forms an Abelian bordism group Ω2(G), the sum being induced by the disjoint
union.
Theorem 3. The 2-dimensional bordism group Ω2(PSL(2,7)) of the group PSL(2,7) is
infinite cyclic, generated by the Hurwitz action of PSL(2,7) on Klein’s quartic.
The modular group PSL(2,Z) of integer 2 × 2 matrices of determinant one, modulo its
center {±I }, is generated by elements of orders two and three represented by the matrices(
0 1
−1 0
)
and
(
0 −1
1 1
)
whose product is the matrix(
1 1
0 1
)
.
Reducing coefficients modulo a prime p in PSL(2,Z) one obtains the group PSL(2,p),
generated by two elements of orders two and three whose product has order p. This gives
a surjection φ : (2,3,p) → PSL(2,p) of the triangle group (2,3,p) onto PSL(2,p) which
defines an action of PSL(2,p) on a connected surface. For primes p ≡ 3 mod 4 different
from three, these actions do not bound (by an application of Lemma 5 in the next section).
For p = 7 one obtains the Hurwitz action of PSL(2,7) on a hyperbolic surface of genus
three which is Klein’s quartic. We imagine that, for primes p ≡ 3 mod 4, p  7, Theorem 3
remains valid for all groups PSL(2,p), with the action of PSL(2,p) defined by φ replacing
the Hurwitz action of PSL(2,7).
One can associate various genera to actions of finite groups on surfaces. The genus of
a finite group G has already been defined above; analogously, the handlebody genus of
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G is the smallest genus of a connected orientable surface with an orientation-preserving
G-action which extends to a 3-dimensional handlebody. We define the bounding respec-
tively nonbounding genus of G as the minimal genus of a connected orientable surface with
a bounding respectively nonbounding orientation-preserving G-action. Then the bounding
genus is a kind of 3-dimensional genus of G: the smallest genus of the connected boundary
of an orientable 3-manifold with an orientation-preserving G-action.
As an example, the genus and the nonbounding genus of PSL(2,7) are equal to three,
realized by the Hurwitz action of type (2,3,7), the bounding genus is equal to eight and
of type (3,3,4), the handlebody genus is 29 and of type (2,2,3,3). We suppose that for
the groups PSL(2,p), for primes p  7, p ≡ 3 mod 4, the nonbounding genus is given by
an action of type (2,3,p), defined by the above surjection φ : (2,3,p) → PSL(2,p). This
would imply, in particular, that all Hurwitz actions of such groups bound, and hence that
the bounding genus is of Hurwitz type (2,3,7), for p > 7.
2. Proof of Theorem 1
Let G be a finite group of orientation-preserving diffeomorphisms of a closed oriented
surface F . For the proof of Theorem 1, we can assume that the quotient F/G is connected;
then F/G is a closed oriented surface of some genus g¯, with finitely many branch points of
orders n1, . . . , nk (the images of the fixed points of nontrivial elements of G). We say that
F/G has signature (g¯;n1, . . . , nk). Considering F/G as a 2-orbifold, it can be given the
structure of a spherical, Euclidean or hyperbolic 2-orbifold. Lifting this structure to F , the
group G acts by isometries on the surface F . Suppose for the moment that also the surface
F is connected. Then, lifting the action of G to the universal covering of F we get a planar
discontinuous group E of isometries of the 2-sphere, the Euclidean or the hyperbolic plane
with signature (g¯;n1, . . . , nk) (see [10]; in the hyperbolic case, E is called a Fuchsian
group); the universal covering group π1F is a normal subgroup of E, with quotient group
G, and the G-action on F is determined by the projection φ :E → G. The group E can be
interpreted as the orbifold fundamental group of the 2-orbifoldO2 = F/G, and the surface
F is the regular orbifold covering of O2 corresponding to the kernel of the surjection
φ :π1O2 = E → G (see [9,2] for the theory of orbifolds). A planar group with signature
(0; r, s, t) will be called a triangle group of type (r, s, t).
Conversely, given a planar discontinuous group E with quotient orbifold O2, every
admissible surjection φ :π1O2 = E → G (i.e., with torsionfree kernel) defines an action
of G on a connected surface F . Note that, if the homomorphism φ :π1O2 → G is not
surjective, it still defines an action of G on a surface F such that one component F0 of F ,
with stabilizer φ(E) in G, is the covering of F/G = F0/φ(E) corresponding to the kernel
of φ, and such that the number of components of F is equal to the index of φ(E) in G.
Lemma 1. Any G-action on a surface F is bordant to an indecomposable G-action, i.e.,
to a G-action such that the quotient O2 = F/G consists of 2-spheres with at most three
branch points.
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Proof. IfO2 contains a nontrivial simple closed curve, or a simple closed curve separating
two branch points from at least two others, the preimage in F of such a curve gives
a G-invariant system of curves on which G-equivariant surgery can be performed, i.e.,
adjoining disjoint 2-handles D2 × [0,1] along the boundary component F × {1} of the
3-manifold F ×[0,1], by gluing ∂D2 ×[0,1] ∼= S1 ×[0,1] along a regular neighbourhood
of each curve of the preimage. The G-action on F = F × {0} extends to the resulting
3-manifold, and iteration of the construction finishes the proof of Lemma 1. 
For the proof of the first part of Theorem 1, by Lemma 1 we can assume that the quotient
O2 = F/G is a 2-sphere with exactly three branch points of orders r , s and t ; then the G-
action on F is determined by an admissible homomorphism φ : (r, s, t) → G of the triangle
group (r, s, t) to G (and we will say that the G-action is of type (r, s, t) in the following).
If (r, s, t) is one of the spherical triples (2,2,m), (2,3,3), (2,3,4) or (2,3,5) (and also
for actions of type (r, r)), then each component of F is a 2-sphere, and the stabilizer in G
of each component of F is a spherical triangle group whose action extends radially to the
closed 3-ball, so the action of G extends to a collection of 3-balls.
For the nonspherical case, we will represent the 2-orbifold O2 = F/G of type (r, s, t)
as the boundary of a suitable 3-orbifold O3 such that the admissible homomorphism
φ :π1O2 = (r, s, t) → G extends to an admissible homomorphism ψ :π1O3 → G. The
regular G-covering of O3 associated to ψ gives a 3-manifold M with boundary F such
that the G-action on F extends to M as the group of covering transformations. We will
say in the following that M is the covering of O3 corresponding to ψ :π1O3 → G. In
particular, we will use the 3-orbifold O3 of tetrahedral type shown in Fig. 1. Its singular
set consists of the edges of a tetrahedron (to which branching orders will be associated in
the following), its space is the 3-sphere minus the interiors of one, two, three or four 3-balls
(depending on the branching orders) which are regular neighbourhoods of the vertices; one
boundary component of O3 is the 2-orbifoldO2 of type (r, s, t).
The orbifold fundamental group π1O3 is generated by the meridians A, B , C, X, Y
and Z of the edges indicated in Fig. 1, which fulfill the relations AB = C, XYC = 1
and XA = Z. This is, in fact, a presentation of the fundamental group of the complement
of the singular set in O3 which can be computed by the Wirtinger algorithm similar as
the fundamental group of the complement of a knot or link in the 3-sphere (the relation
from the lower right corner in Fig. 1 is eliminated by the redundancy in the Wirtinger
presentation, and then the relation coming from the middle crossing is eliminated by
removing a redundant generator). The remaining relations for a presentation of the orbifold
fundamental group π1O3 are then obtained by raising the meridian generators of the edges
to the powers given by their singularity orders (alternatively, the tetrahedral orbifold O3
is obtained as the quotient of the action on its universal covering of a tetrahedral group,
that is the orientation-preserving subgroup of index two in the Coxeter group generated by
the reflections in a truncated tetrahedron, see, e.g., [1] for the calculation of a presentation
of a tetrahedral group). We consider A, B and C, with AB = C, also as generators of the
triangle group π1O2 = (r, s, t) in the following.
Now suppose that G = PSL(2,pn). Our main reference for the groups PSL(2,pn) is [4].
The nontrivial elements of PSL(2,pn) are either parabolic, that is of trace ±2 and order
p, hyperbolic of order dividing (pn − 1) or elliptic of order dividing (pn + 1). We will
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represent elements of PSL(2,pn) by matrices; then the trace of an element in PSL(2,pn)
is an element in the finite Galois field GF(pn) defined up to its sign. Two nonparabolic
elements in PSL(2,pn) are conjugate if and only if they have the same trace; in particular,
the trace determines the order of an element. A nontrivial element in PSL(2,pn) has order
two if and only if it has trace zero, and order three if and only if its trace is ±1.
Lemma 2. Any G-action of type (r, s, t) is bordant to G-actions of type (r ′, s′,p).
Proof. The G-action is determined by a homomorphism φ :π1O2 = (r, s, t) → G. We
assume that φ(C) is not parabolic and extend φ to a homomorphism ψ :π1O3 → G. Let
γ denote the trace of φ(C) (which is equal to the trace of φ(C−1)). We set
ψ(X) =
(
1 γ − 2
0 1
)
, ψ(Y ) =
(
0 −1
1 2
)
.
Then both ψ(X) and ψ(Y ) are parabolic, of order p, and ψ(X)ψ(Y ) has trace γ
and hence is conjugate to ψ(C−1) = φ(C−1). Therefore, up to conjugation in G, we
can assume ψ(X)ψ(Y ) = ψ(C−1), and hence φ :π1O2 → G extends to an admissible
homomorphism ψ :π1O3 → G (with the branching orders indicated in Fig. 2(a) where m
denotes the order of ψ(X)ψ(A). The 3-manifold M corresponding to ψ shows that the G-
action of type (r, s, t) is bordant to actions of type (p, s,m), (p, r,m) and (p,p, t). This
finishes the proof of Lemma 2. 
By Lemma 1 we can assume that the G-action is of type (r, s,p). The hypothesis
p ≡ 1 mod 4, or n even, or p = 2 in Theorem 1 imply (in fact are equivalent to the fact)
that there are elements x in GF(pn) such that x2 = −1.
Lemma 3. Suppose that the G-action is of type (r, s,p) and determined by a homomor-
phism φ :π1O2 = (r, s,p) → G. Then either (i) or (ii) holds.
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(i) φ extends to a homomorphism ψ :π1O3 → G such that ψ(X) and ψ(Y ) have order
two and ψ(Z) has any given order m = 1 in G; in particular, choosing order two for
ψ(Z), the G-action bounds.
(ii) r = s (in particular, the G-action bounds if r = s = 2), and up to conjugation in G,
the image φ(G) consists of upper triangular matrices, that is of matrices of the form(
a b
0 a−1
)
.
Proof. We try to extend φ :π1O2 = (r, s,p) → G to a homomorphism ψ :π1O3 → G, for
the 3-orbifoldO3 shown in Fig. 2(b). The element φ(C), of order p, is parabolic, so up to
conjugation in G we can assume that
φ(C) = ψ(C) =
(
1 z
0 1
)
.
We set
ψ(X) =
(
x y
0 −x
)
,
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with x2 = −1. Then ψ(X) and ψ(Y−1) = ψ(C)ψ(X) have trace zero and order two.
Suppose
φ(A) = ψ(A) =
(
a b
c d
)
,
with ad − bc = 1. Then ψ(Z) = ψ(X)ψ(A) has trace ζ = xa − xd + yc. If c is different
from zero, we can choose y such that ζ is any given element in GF(pn), and we are in
situation (i) of Lemma 3. If c = 0, the image φ(G) consists of upper triangular matrices,
and φ(A) and φ(B) = φ(A−1)φ(C) have the same trace and hence also the same order.
This finishes the proof of Lemma 3. 
The proof of the first part of Theorem 1 is now finished by the following:
Lemma 4. Suppose that the G-action, of type (r, s,p), is determined by a homomorphism
φ :π1O2 = (r, s,p) → G such that the image φ(G) consists of upper triangular matrices.
Then the G-action bounds.
Proof. Considering the 3-orbifold O3, we assume that φ(B) is parabolic, of order p, and
represented by the matrix
φ(B) =
(
1 z
0 1
)
.
We consider two cases.
If also φ(C) and φ(A) are parabolic of the above form, we set
ψ(X) =
(
x y
0 −x
)
,
with x2 = −1. Then ψ(X) and ψ(Y−1) = ψ(C)ψ(X) have trace zero and order two. This
implies that the G-action is bordant to G-actions of type (2,p,m) which, by Lemma 3,
bound (see Fig. 2(b), with r = s = p).
Now suppose that φ(C) and φ(A) are not parabolic. We have
φ(C) =
(
a b
0 a−1
)
,
with a different from ±1. Conjugating φ(C) with a matrix of the form(
1 v
0 1
)
we can assume that b = 0, so
φ(C) =
(
a 0
0 a−1
)
, φ(A) = φ(C)φ(B−1) =
(
a −az
0 a−1
)
.
We set
ψ(X) =
(
0 x
−x−1 0
)
,
B. Zimmermann / Topology and its Applications 139 (2004) 211–225 219
with x different from zero. Then ψ(X) and ψ(Y−1) = ψ(C)ψ(X) have trace zero and
order two, and ψ(Z) = ψ(X)ψ(A) has trace ζ = x−1az.
If the characteristic p of GF(pn) is different from two, we choose x such that ζ = 2
and hence ψ(Z) is parabolic of order p. Then the G-action is bordant to G-actions of type
(2,m,p) (see Fig. 2(c)) which, by Lemma 3, bound. If p = 2, we choose x such that ζ = 1
and ψ(Z) has order three. Now the G-action is bordant to a G-action of type (3, s,p = 2)
which, again by Lemma 3, bounds.
This finishes the proof of Lemma 4 and of the first part of Theorem 1. 
For the proof of the second part of Theorem 1, we assume p ≡ 3 mod 4 and n odd or,
equivalently, that −1 is not a square in GF(pn). Let α be the trace of an elliptic element
in G = PSL(2,pn), of some order m dividing pn + 1, such that α is not contained in any
proper subfield of GF(pn). The elements in G represented by the matrices(
0 −1
1 1
)
and
(
1 α − 1
0 1
)
have orders 3 and p, the trace of their product is α, therefore there is an admissible
homomorphism φ from the triangle group (3,p,m) to G. It follows easily from the
classification of subgroups of PSL(2,pn) [4, p. 68] that the image of φ is not contained
in any proper subgroup of G, hence φ is surjective and defines an indecomposable action
of G on a connected surface F . The hypothesis p ≡ 3 mod 4 and n odd implies that a
parabolic element of order p in G is not conjugate to its inverse and hence not contained
in a dihedral subgroup of order 2p.
For primes p  7, the proof of the second part of Theorem 1 is now finished by the
following
Lemma 5. Let E be a Fuchsian group of signature (0;n1, . . . , nk) and presentation〈
x1, . . . , xk | xn11 = · · · = xnkk = x1 · · ·xk = 1
〉
,
G an arbitrary finite group and y an element of order p > 5 in G which is not contained in
a dihedral subgroup of G. Let φ :E → G be an admissible homomorphism such that one
of the canonical elliptic generators xi of G has order p and is mapped to y , but that no
other of these generators is mapped to y−1. Then the G-action corresponding to φ does
not bound.
Proof. Suppose that the G-action given by φ, on a surface F , extends to a compact 3-
manifold M with boundary F . Then the quotient 3-orbifoldO3 = M/G has the 2-orbifold
O2 = F/G, of signature (0;n1, . . . , nk), as its only boundary component. From the singu-
lar point of order p ofO2 emanates a singular edge of order p inO3. By the hypothesis on
φ, this singular edge cannot end in a singular point on the boundaryO2, so it has to end in
an interior point of O3, that is in a spherical point corresponding to a spherical subgroup
of G. Because p > 5, the only possibility is a spherical point of dihedral type which is
excluded by hypothesis. This contradiction proves the Lemma. 
For the proof of the second part of Theorem 1, there remains the case p = 3. If also
q = 3, there is an action of type (3,3,3) of G = PSL(2,3), isomorphic to the alternating
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or tetrahedral group of order 12, on the torus, and such an action does not bound (by a
similar argument as in the proof of Lemma 5: a singular axis of order three can end only
on the boundary, or in a singular point of tetrahedral type (2,3,3) which, however, creates
a new axis of order three). The group G = PSL(2,27) admits a Hurwitz action, i.e., of
type (2,3,7), on a closed surface of genus 118 and, considering again an axis of order
three, such an action does not bound. Similarly, for all n 5, by [4, Theorem A] there are
genus actions of G = PSL(2,3n) of type (2,3, d), d  7, and for odd n these actions do
not bound.
This finishes the proof of Theorem 1.
3. Proof of Theorem 2
The crucial observation is that hyperbolic 2-orbifolds of triangular type are rigid, that is
any two hyperbolic 2-orbifolds of the same triangular type (r, s, t) are isometric (because
a hyperbolic triangle is determined by its angles, so any two hyperbolic triangle groups of
the same type are conjugate by an isometry).
In the proof of Theorem 1, we used 3-orbifolds of tetrahedral type, i.e., orbifolds whose
singular sets consist of the four edges of a tetrahedron. To each such orbifold corresponds a
Coxeter tetrahedron: a tetrahedron whose dihedral angles along the edges are submultiples
π/r of π where r denotes the branching or singularity index of the edge. To each vertex of
the tetrahedron is associated the triple (r, s, t) of the singularity indices of the three adjacent
edges, and such a triple or vertex may be spherical, Euclidean or hyperbolic according to
whether (r, s, t) describes a spherical, Euclidean or hyperbolic triangle group. A hyperbolic
Coxeter tetrahedron is a Coxeter tetrahedron realized in hyperbolic 3-space, possibly with
ideal or truncated vertices: the ideal vertices lie on the sphere at infinity and correspond
exactly to the Euclidean triples, a hyperbolic vertex lies beyond the sphere at infinity and
can be truncated by a hyperplane orthogonal to the three hyperbolic faces meeting at the
vertex (the hyperplane dual to the vertex). By doubling a hyperbolic Coxeter tetrahedron
along the four original faces one obtains a hyperbolic 3-orbifold of tetrahedral type, with
totally geodesic boundary coming from the truncating hyperplanes. By [9], all Coxeter
tetrahedra with at least one hyperbolic vertex can be realized as hyperbolic tetrahedra,
except in the case when the edges of the face opposite to a hyperbolic vertex all have
singularity index two (so that the face coincides with the truncating hyperplane and the
resulting truncated tetrahedron would be degenerate).
Now, in the proof of Theorem 1 one can choose all tetrahedral orbifolds in such a
way that they can be realized as compact hyperbolic 3-orbifolds with totally geodesic
boundary, by doubling a hyperbolic truncated Coxeter polyhedron. In fact, because p > 3,
no Euclidean vertices occur in the proof of Theorem 1. Also, one has to avoid the situation
that the singularity orders of the three edges of a face of a tetrahedron are all equal to two.
This situation does not occur in the proof of Lemma 2, and in the situation (i) of Lemma 3
it can be avoided by choosing ψ(Z) parabolic of order m = p (see Fig. 2(b)), reducing the
case of a G-action of type (r, s,p) to that of G-actions of types (2, s,p); note that also in
the proof of Lemma 4 the situation is reduced to G-actions of these types. Then Lemma 3
is applied again, now to G-actions of type (2, s,p), and this time we choose order m = 2
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for ψ(Z): now the resulting 3-orbifold O3 shown in Fig. 3(a) is not hyperbolic but it is
obtained by surgery on the cusp, of type (2,2,2,2), of the hyperbolic 3-orbifold shown in
Fig. 3(b), as are the orbifolds O3t shown in Fig. 3(c) where t denotes the number of half
twists (in particular O3 =O31).
We note that surgery on a cusp of type (2,2,2,2) of a 3-orbifold consists in removing
the interior of a regular neighbourhood of the missing Euclidean vertex of type (2,2,2,2);
this creates as a boundary component a 2-orbifold which is a 2-sphere with four singular
points of order two, and then one glues along this boundary component a 3-orbifold which
is a 3-ball with two trivially embedded singular arcs of singularity index two (see, e.g.,
[2] for a more detailed description of surgery on orbifolds). By the orbifold version of the
hyperbolic surgery theorem [2], for large values of t the 3-orbifolds O3t are hyperbolic,
and it is easy to see that the homomorphism φ :π1O2 = (2, s,p) → G extends also to
homomorphisms ψ :π1O3t → G, for infinitely many, periodically progressing values of t
(see [12, pp. 203, 206] or [5, p. 140] for the details of the argument).
So we can assume that all 3-orbifolds used in the proof of Theorem 1 are hyperbolic,
with totally geodesic boundary consisting of hyperbolic triangular 2-orbifolds. As these
hyperbolic triangular 2-orbifolds are rigid, the various hyperbolic 3-orbifolds used for the
proof of Theorem 1 can be glued together along totally geodesic boundary components
to obtain a hyperbolic 3-orbifold O3, with totally geodesic boundary O2 of type (r, s, t),
such that φ :π1O2 → G extends to a homomorphism ψ :π1O3 → G. Then ψ defines a
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hyperbolic 3-manifold M , having the hyperbolic surface F as its only, totally geodesic
boundary component, such that the isometric G-action on F extends to an isometric G-
action on M .
4. Proof of Theorem 3
As in the proof of Theorem 1 (Lemmas 1 and 2), any action of G = PSL(2,7) on a
closed oriented surface is bordant to actions of type (r, s,7). The nontrivial orders in the
group G are 2, 3, 4 and 7.
We will use the truncated tetrahedral orbifolds shown in Fig. 4, computing their orbifold
fundamental groups by the Wirtinger algorithm as in the proof of Theorem 1. Considering
the tetrahedral 3-orbifold O in Fig. 4(a), we show that a G-action of type (7,7,7) is
bordant to actions of types (2,3,7), (2,m,7) and (3,m,7). In fact, the homomorphism
φ : (7,7,7)→ G corresponding to the G-action, defined on the fundamental group (7,7,7)
of the upper boundary component of the 3-orbifoldO in Fig. 4(a), extends to an admissible
homomorphism of π1O to G, by expressing the element of order seven in G = PSL(2,7)
which is the image of the generator of the central edge of index seven as a product of
elements of orders two and three and then taking these elements as the images of the
generators of the edges of indices two and three ofO. This then defines uniquely the image
in G of the generator of the lower edge ofO to which we associate the order m of its image
as singularity index. Thus φ : (7,7,7) → G extends to an admissible homomorphism of
π1O to G, and consequently any G-action of type (7,7,7) is bordant to actions of types
(2,3,7), (2,m,7) and (3,m,7).
Similarly, by using the tetrahedral 3-orbifold in Fig. 4(b), it follows that G-actions of
types (r, s,7), with r, s equal to three or four, are bordant to actions of types (2,m,7) and
(2,4,4). This leaves us with actions of types (2,4,4) and (2,m,7).
The group (2,4,4) is a Euclidean triangle group and solvable, hence it admits no sur-
jection onto the simple group G = PSL(2,7). The image of an admissible homomorphism
from (2,4,4) to G is cyclic of order four or the octahedral (symmetric) group S4 = (2,3,4)
(see [3, Theorem 2.2] for a list of the maximal subgroups of PSL(2,7)). It is easy to check
then that each G-action of type (2,4,4) bounds (using the 3-orbifold in Fig. 4(c)).
Next we consider a G-action of type (2,4,7), defined by a homomorphism φ : (2,4,7)
→ G. We consider the 3-orbifold O3 in Fig. 5. Up to automorphisms of G = PSL(2,7)
(conjugation in PGL(2,7)), we can assume that
φ(C) =
(
1 1
0 1
)
.
We have
φ
(
A−1
) =
(
a b
c −a
)
,
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of trace zero and order two, with −a2 − bc = 1. Now φ(B) = φ(A−1)φ(C) has order four
which is equivalent to the fact that the square of its trace c is equal to two, so c2 = 2.
Conjugation with an element of the form
(
1 v
0 1
)
shows that a can be chosen arbitrarily (without changing c). We set
ψ(X) =
(
0 1
−1 0
)
, ψ(Y ) =
(
0 −1
1 −1
)
,
with ψ(X)ψ(Y ) = ψ(C−1), and choose a = ±2. This implies b = c, so the trace b − c of
ψ(Z) = ψ(X)ψ(A) is zero and ψ(Z) has order two. Thus φ extends to a homomorphism
ψ :π1O3 → G and the G-action of type (2,4,7) is bordant to a G-action of type (2,3,7)
(see Fig. 5).
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If φ(B) = φ(A−1)φ(C) is parabolic of order seven and hence c2 = 4, it follows
similarly, by choosing a = ±3, that any G-action of type (2,7,7) is bordant to G-actions
of type (2,3,7). Thus any G-action is bordant to G-actions of type (2,3,7).
Two surjections φ : (2,3,7)→ G are conjugate if they differ by an inner automorphism
of G. Note that conjugate surjections define equivalent G-actions (i.e., conjugate by an
orientation-preserving diffeomorphism of the surfaces), and that equivalent G-actions are
bordant.
Now fix a G-action of type (2,3,7), determined by a homomorphism φ : (2,3,7) → G,
where the triangle group (2,3,7) is generated by elements A and B , with AB = C. Up to
automorphisms of G = PSL(2,7) or conjugation in PGL(2,7), we can assume that φ(C)
and φ(A−1) are chosen as above. Now φ(B) has order three and trace c, hence c = ±1. We
noted above that a can be chosen arbitrarily, and now we choose a = 0. This determines
φ(A−1) (up to sign), hence, up to automorphisms of G or conjugation in PGL(2,7), there is
a unique admissible homomorphism φ : (2,3,7) → PSL(2,7). Moreover there are exactly
two conjugacy classes in PSL(2,7) of such admissible surjections (because there are two
conjugacy classes of parabolic elements of order seven in G). Representatives of these
two conjugacy classes are the surjection φ as above (with φ(B) of order three), and the
surjection given by the above matrices ψ(X) and ψ(Y ). These two surjections are related
by conjugation with the matrix(
1 0
0 −1
)
,
of determinant −1. The corresponding two actions are conjugate by an orientation
reversing isometry of Klein’s quartic whose isometry group is PGL(2,7) (in fact, the
surjection φ : (2,3,7) → PSL(2,7) extends to a surjection of the extended triangle group,
generated by the reflections in the sides of a hyperbolic triangle with angles π/2, π/3 and
π/7, onto PGL(2,7)). Reversing the orientation of the surface for one of the two actions,
these become equivalent and hence bordant.
It follows that the bordism group Ω2(PSL(2,7)) is cyclic and generated by an action
of PSL(2,7) on Klein’s quartic F3. This generator has infinite order because a parabolic
element of order seven in PSL(2,7) is not conjugate to its inverse, so two singular points of
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order seven in a disjoint union of oriented quotient 2-orbifolds F3/PSL(2,7) do not cancel
(see Lemma 5 and its proof).
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